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METHODS OF SOLVING SYSTEMS OF LINEAR 
FIRST-ORDER ORDINARY DIFFERENTIAL 
EQUATIONS WITH VARIABLE COEFFICIENTS 


J. DAS (NEE CHAUDHURI) 


ABSTRACT : Three methods of finding solutions of systems of linear first order ordinary differential 
equations (SODEs) with variable coefficients have been developed. The methods have been illustrated 
by examples. 


Key words : Systems of linear first-order ordinary differential equations with variable coefficients, 
systems of linear algebraic equations, exact differential equations. 
AMS Classification : 34B. 

1. INTRODUCTION 


A method of solving linear first-order systems of ordinary differential equations with constant 
coefficients has been developed in [1]; the present article extends the idea developed there 
to SODEs with variable coefficients. 


The SODEs under consideration comprises linear first order ordinary differential 


equations of the form 


Mix) = EH Ox - SaO =B(0, (i = 1, 2, ..., n), (1.1) 
where £ € J (interval), x = x(t) = (x,(4), x,(0), -n x,(9%, 


b, aj: I —> C (set of complex numbers) (i, j = 1, 2, ...n) are continuous, '= £ and 


AT denotes the transpose of the matrix A. 


Writing LO) = GOnxn» AO = (an> 
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X(t) = (040,000, 5 4,0), XD) = &' (9, 220), ..., x’, (09%, the homogeneous 

SODEs corresponding to the SODEs (1.1) can be exhibited as 
LOX (Ð) = ADX, Qen. (1.2) 

To find the solutions of the SODEs (1.1) it is enough to know only one solution of 
the SODEs (1.1), provided all solutions of the corresponding homogeneous SODEs (1.2) are 
known. Henceforth our attention is therefore confined to finding the solutions of the 
homogeneous SODEs (1.2). 

Three approaches for solving the homogeneous SODEs (1.2) have been discussed in the 
sequel : 

I. By deriving exact-differential equations from the given SODEs (1.2). 

II. By reducing the given SODEs (1.2) with the help of the adjoint matrices L”, A”. 


M. By using integrating factors obtainable from another SODEs corresponding to the 
given SODEs (1.2), called its adjoint SODEs. 


Having obtained a set of linearly independent solutions @,, @,, ..., Y, of the homogeneous 
SODEs (1.2), a solution y of the nonhomogeneous SODEs (1.1) can be derived by the method 
of variation of parameters. All solutions of the nonhomogeneous SODEs (1.1) are then 
expressible as y + C,9, + Cap, + ... + C,o,, with suitable C,, C,.., C, (e ©). Hence, only 
the approaches, I, H, IH are elaborated in the sequel. 


2. APPROACH I : BY DERIVING EXACT DIFFERENTIAL EQUATIONS FROM 
THE GIVEN SODES (1.2) 


The case n = 2 is presented below in detail; the case n > 2 can be treated similarly. For 


abbreviation let us write in (1.2). 
4/0 = fj» a, (t) = ay, xt) = x, Gy = 1; 2... 2) 
Writing 


r= (x, x), r me i E, L, = (is Ey, A, (aip ap), (i = l, 2) (2.1) 
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the equations of the SODEs (1.2) can be exhibited as 

TL = rA, G@=1,2) (e). (2.2) 
Two cases arise : 

Ia. : Each equation of (2.2) can be converted to an exact differential equation. 


Ib. : Linear combinations of the equations of (2.2) can be so determined that the 
resulting equation becomes convertible to an exact differential equation. 


Case la : 


The first equation of (2.2) can be rewritten as 


(QL)! = MA, +L"), (te. (2.3) 
If there exists f; : E C such that 

At L'i =fkp (e0, (2.4) 
then (2.3} becomes 

(ELY =AL) €en, (2.5) 


which can be converted to an exact differential equation. 


On integration one gets from (2.5) 


t 
rly = cen) | (ea tel, (2.6) 
a] 


where œ, is an arbitrarily chosen point of I and C, (e C) is the parameter of integration. 


Proceeding similarly with the second equation of (2.2), if there exists f, : I > C such 


A,t+L,=f,L, @en, (2.7) 


the second equation of (2.2) becomes 
TL)" = ATL), (ten. (2.8) 
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Integrating (2.8) one obtains 


r.l = | J Ae (te J, (2.9) 
a2 


where œ, is an arbitrarily chosen point of I and C, (€ ©) is the parameter of integration. 


The required solutions of the SODEs (1.2) are then obtained by solving the two linear 
algebraic equations (2.6) and (2.9). 


Note : The success of the above procedure clearly depends upon the existence of the functions 
fı: 1+ C (i= 1, 2) satisfying respectively (2.4) and (2.7). 


Assuming the existence of the functions f, J) one gets 
fi = (4, +t Lah = aa + € Mo (ED, (2.10) 
h = (a, + LE, = Gon + E Yo CED, (2.11) 
provided none of the G's (i j = 1, 2) is zero. 
Conversely, if (2.10) ((2.11)) holds, the existence of /,(f,) is guaranteed. 
The above observation establishes the following result : 


If §, £,+ 0, the ith equation of the SODEs (1. 2) with n = 2 is convertible to an exact 
differential equaton if and only if 


(a, FL Y, = Got Ld, (eD G=1, 2). 


This result can be easily extended to the case n > 2. 


Example 1 : 
tx’, + Px', = 2x, — 3bx,, (ia) 
PX, + 10, = lx, (ib) 


where x, : ]0, 1[ > R (set of real numbers), i = 1, 2. 


It can be easily verified that the conditions (2.10), and (2.11) are satisfied here. 


METHODS OF SOLVING SYSTEMS OF LINEAR FIRST-ORDER ODES 5 
Actually (ia). can be rewritten as 


(tx + a) = (en +o), te JO, IL. (ii) 
Hence, on integration, one obtains 

tx, + Ex, = Ct, te Jo, 1i (iii) 
where C, (e R) is the parameter of integration. 


Similarly (ib) can be rewritten as 
(2x, +00) =%(2x, +m), te 10, If (iv) 
t 
On integration (iv) yields 
Êx + te, = Ct, te ]0, If, (v) 
where C, (e R) is the parameter of integration. 
The required solutions of the SODEs (ia) — (ib) are obtained by solving the algebraic 
equations (111) and (v). 
Case Ib : 


In case la, each of the equations of (1.2) has been assumed to be reducible to an exact ordinary 
differential equation [vide (2,5), (2.8)]. 


If such remodelling of the individual equation of (1.2) to convert it to an exact ODE 
is not possible, one may look for functions A, : I + C (i = 1, 2), so that the ODE 


METL) + Ag(t’* Ly) = ALA) +A A) Ce D, (2.12) 
can be reduced to an exact ODE. 
Now (2.12) is rewritten as 

PEL, + AL) + HAL, + AL)” = [EAL + ALT 


= rL L + Agha)’ + (AA, + Agky)], Gen. (2.13) 
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Comparing (2.13) with (2.3) one derives that (2.13) is convertible to an exact ODE if 
and only if there exists g : Z > C such that 


(A, Ly) + AL) + AJA, + AA) = g(A,L; + Alo), Genn. (2.14) 
The solutions of the SODEs (2.14) will provide the requisite A,, A, for making (2.12) 
an exact ODE. 


It is further observed that (2.14) can be rewritten as 


(ul, + WL)’ + (HA, + HA) = 0, (2.15) 
t 
where pf = Aexo Le oa, ten), (i= 1, 2), (2.16) 


ale J) being fixed arbitrarily. 


The equation (2.12) being homogeneous in A, and à., it is enough to find A, : A; and 
so |, : 1, will equivalently serve the purpose. 


To derive p, : y, from (2.15) it is noted that, (2.15) becomes integrable if there exists 
h : I > C such that 
HA, + HA, = h[p,L, + pL], (te J). (2.17) 


Notably, for the two scalar equations of the vector equation (2.17), it is necessary to 
have the same function A, otherwise the scalar differential equation (2.13) cannot be solved. 
The two equations of (2.17) are 


py (a,, — Ay) + mlan - AH) =9, (eD, (2.184) 
Hilai — hha) + (a, — Ab) = 90, Ce J. (2.18) 
(2.18a) — (2.186) yield (u, 1) # (0, 0) if 


ag- hhi a, - Ala; E 
2 -hhz an -hba - o E ae. 
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(2.19) is a quadratic in h, and so yields, in general, two functions h|, h, say. Substituting 
hKi = 1, 2) for h in (2.18a) — (2.185), the resulting algebraic equations in y, p are solved 
: let the solution of (2.18a) — (2.18b), with h = h, be denoted by Mis Hp (i = 1, 2). 


It is to be noted carefully that the u, Hp thus obtained may or may not satisfy the 
SODEs (2.15) for 1,, 1, because the existence of a function A satisfying (2.17) is not guaranteed 
by the integrability of the SODEs (2.15). 


Supposing Hj Hp satisfy (2.15), one obtains 
[Hab + Hola] + hp, E, + byl] = 0, Gel), @=1, 2). (2.20) 


Hence, integrating (2.20) one gets 


Halı + Hols = (Ca) a|- roal, (te D, (i=1,2, (2.21) 
where C,,, Cp (€ C) are the parameters of integration, a(e J) being chosen arbitrarily. 
Using Uy : Ey for y : by = A, : A, in (2.12) one obtains 

1 (py Ly + Bylo) = UA, + 949) = Ap Ly + Help) @ = 1 2), 
which, on using (2.21), become 

r(Cy, Co = ALC), Cy)" 


Le. Cy + Cox’, = h{C,x, + Cox.) (ED, (= 1, 2). 
Hence, Cx, + Cpx, = pene fh (as), (el, = 1, 2). (2.22) 


where D, (e C) (i = 1, 2) are the parameters of integration. 


The required solutions of the SODEs (2.2) are then obtained on solving the algebraic 
equations (2.22). 
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ei 


Example 2: x, + 6’, = tx, + Px, 
x’, + fx’, = te, + tx, 
where x; : R > R, i= 1,2. 
In this case (2.19) becomes 


t—h th 
Ph -h 








Hence h= tor È. 

For h = t, (2.184) becomes an identity and (2.185) becomes p, + pt = 0. 
So, 4:42=H4:1m=1f:-l. 

Actually, subtracting (ib) from f-times (ia), one gets x’, = &. 

Hence x, = C, exp(t?/2), (¢ e R), 

where C,(e R) is the parameter of integration. 

For h = £, (2.18b) becomes an identity, and (2.18a) becomes p, + m = 0. 
So, A, :A, =H, i b= lit 

Subtracting (ib) from (ia) one gets Y, = tx, (te R). 

Hence, x, = C, exp (8/3), (t e R), 

where C, (e R) is the parameter of integration. 


(tv) and (vi) provide the required solution. 


(ia) 


(ib) 


(iii) 


(iv) 


(v) 


(vi) 
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3. APPROACH II : BY REDUCING THE GIVEN SODES WITH THE HELP OF 
THE ADJOINT MATRICES L”, A" 


The homogeneous SODEs (1.2) corresponding to the given SODEs (1.1) can be 


represented in matrix form as 
Lit) XO = AM XD), (el. (3.1) 


If there exists a matrix P(t) = (y, xw (£ € J) such that both P(HL(t) and P(HA(() 


become diagonal matrices: 
P()L(t) = diag MÒ, 240, 4,0) (te D, (3.2) 
P(t)A(t) = diag(a,@, axe), .. 0,1), (te D, (3.3) 
then, multiplying both sides of (3.1) by P() from left, one obtains 
[diag(A,(t), Ag(t), ..., AC) AO, 
= [diag (a,(4), a(t), ..., a, (0)1X(0, (te J). (3.4) 
Hence, equating the corresponding components from both sides of (3.4) one gets 
A(t) x" (2) = a,(t)x,(2), teD, k=1,2, 0,0. (3.5) 
Therefore, on integration, one derives 
x) = Cp exp i o (1) / mbau), k= 1, 2, n, (3.6) 
where C¿(e C), k= 1, 2, ..., n, are the parameters of integration, and “a” (e J) is arbitrarily 
chosen, provided A,(t) 0, k = 1, 2, ..., m, (¢ e J). 


Thus, the problem of finding the solutions of the SODEs (1.2) is reduced to the problem 
of finding a matrix P(A that satisfies (3.2) and (3.3). To determine such a matrix P(t) one 


observes that (3.2) implies 
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Len =84M (0, (@k=1,2, 57), €e, (3.7) 


where on denotes the Kronecker’s delta. 


If LÐ denotes the cofactor of ff?) in L(t) = (40) it can be derived from (3.7) 


nxn’ 


that 


pal) OD aO a 


LOA LA > on (te J). (3.8) 


Dealing similarly with the equation (3.3) one obtains 


at = Pat =...= fat i=1,2,..,”, (tel, (3.9) 


From (3.8) and (3.9) it follows that, if a matrix P(#) exists, that satisfies (3.2) and (3.3), 
then the following must hold good : 


At 
OM EO T -LO Eg/0, say), i= 1,2, n, (FED. (3.10) 


Conversely, if (3.10) holds good, then the matrix 


OW = GO Lae CEN, 6.11) 


(where f; : I -> C, i = 1, 2, ..., n, are arbitrary functions) satisfies (3.2) and (3.3), when 
substituted for P(t). The choice f(t) = 1, i = 1, 2, ..., n, (t e 1) renders Q(f) to be L*(r), the 
adjoint of the matrix Z(#). 


Hence, (3.10) represents the necessary and sufficient conditions for the existence of 
a matrix P(t) satisfying (3.2) and (3.3). 


Multiplying (3.1) by QA from left one gets, using (3.10), 


GOL At D GOXO = 102/04, (0) (XD, (eD, 
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which immediately reduces to 

[diag [21 20 ILL -» AO ILDI X O 
= [diag (0) 3,0 141, 408,0 14), o KO 8, (0 lADIXO), E eD, (3.12) 
where | L | and | 4 | denote respectively the determinant of the matrix L and A. 
Equating the corresponding components of (3.12) one gets 

[Lie = ef)|Alx,), k= 1,2,.,7, (@e D. (3.13) 


The required solutions of the homogeneous SODEs (1.2) are then obtained from (3.13) 
on integration. 


1 
Example 3: x+0%+12x = a+ t3x, +, (1a) 
te + tx, + xh = x + tx, + fx, (ib) 
xi + x4 + teh = Or, + tx, + Py, (ic) 


where x, : I= R \ {0} > R, k = 1, 2, 3. 


1 ¢ Ê Lpp 
LtL=|¢ 2 1 and A=|1 4 e 
2 1 ft tere 
B-1 0 t-r A@-) 0 Mee) 
4 3 
Then L* = O t-f -1| and A* = 0 et — 1%) e(t -1) 
t- B-1 0 (t-16) (2-1) 0 


Writing (ia) — (ib) — (ic) as LX’ = AX, where X = (x,, xX» x3)*, one obtains 
L*LX' = L*AX, (ten. 
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2 -1-£ 0 0 x 
3 14 _ #6 r 
le, 0 28 —1-1 0 x 
0 0 2 -1-1£° || x 
6 
L(213 -1- 1%) 0 0 xı 
= 0 2(24 — 1 — 15) 0 |, (el. 
0 0 2 (2 - 1-16) || x, 


Hence, on integration, one obtains 
a2 = la = 1 y a. 
X1 = Cyt Xo a C, exp 3! > Xy Poe C; exp 3! , (t € D, (ii) 


where C,, C,, Cy (€ R) are the parameters of integration. 


If 28 — 1 — ® = 0, then ¢ = 1; fortunately, the equations (ia) — (ib) — (ic) are satisfied 
by x,, X, X, obtained in (ii), for all ¢ e R, including ¢ = 1. 


4. APPROACH III : BY USING INTEGRATING FACTORS OBTAINABLE 
FROM THE ADJOINT SODES OF THE SODES (1.2) 


Given the SODEs 
; n 
xj = hair i=-1,2,.,”" (t € D, (4.1) 


where ay : I> C @ j = 1, 2, .., n), the aim is to find a set of functions 
à: I> C,i= 1, 2, ..., n, such that 


R hn $ 
Ia Wid Xx: 
2 Ax; Ar ify; (4.2) 
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becomes an exact ODE. 


The set of functions À}, A, ..., A, for which (4.2) becomes an exact ODE, may be termed 
a set of integrating factors of the given SODEs (4.1). 


As any homogeneous SODEs of the form (1.2) can be converted to SODEs of the form 
(4.1) by multiplying (1.2) by L" = adj L, it is enough to consider SODEs of the form (4.1). 
Rewriting (4.2) as 


n n R n 
(Ens) E di " in a Ap Sa 


i= 


it is noted that (4.2) will become an exact ODE if the right hand side of (4.3) is zero 
for all admissible x,, x,, ..., x,, 1e., if 


n 
hi Nora 0, i=l, 2, uyn (4.4) 


The SODEs (4.4) may be termed the SODEs adjoint to the given SODEs (4.1). 


To each solution A,, A,, ..., A, of the adjoint SODEs (4.4), one derives from (4.3) an 


algebraic relation of the form 
z 
2% =O: ep: (4.5) 


Hence, corresponding to n linearly independent solutions of (4.4), n linear algebraic 
equations of the form (4.5) are obtained, which are linearly independent. The solutions of these 
n linearly independent algebraic equations are the required solutions of the given SODEs (4.1). 
Example 4 : 


x, = 2m, + 2x, (ia) 
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o 4 2-2 ET 


Xx» i Pi eas A a E (1b) 
Kt? — 2) 2 
X3 = A+ (aa y HE X35 (ic) 


fort € ]0, 1[ = I (say) x;:I— R, i= 1, 2, 3. 
The aim is to find functions A, : I > R, i= Ls 3, so that 

(Aye, + Apt, + Agra)! = 8041] + yt ton) ED, Gi) 
for some function g : J > R. 


Using (ia), (ib), (ic) in (11) one obtains 


1 2-2 1+1 
»¡[-2tx, + 2x3] AN A + pe T Ltn 


t (e — 2) l+t+t? 
+ Az Tora + “op h aan ea 


+ OM x, + Myx) + A = gx; + Ax) + Ay xy), Ce D. (111) 


Equating the coefficeints of x,, x,, x, from the two sides of (iii) one obtains 





la, t = 
A’, + Toy 2 + 177% = gh, (t e 0, (iva) 
do 7-2 . 
14-20) +a, A), = 8h, (t € D, (ivb) 
2 
oe a = għ, (te D. (ive) 


£ t 
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Eliminating A, between (ivb) and (ivc) one gets 





Os r(t -2 
O 0a 43) 


After simplification one obtains 
i l 
(Aq +3) — Lu + M3) = gQ + a). 
Hence, on integration, one gets 
f 
(A, + AJO -A = A, apli stu), (fe J), (v) 


where A, (e R) is the parameter of integration and a(e J) is chosen arbitrarily. 
Eliminating A, between (iva) and (ivb) one gets 
(2 - 234, — V+ 2A, = gile- 2)A, — A), 


whence, on integration, one obtains 


(2-DA -à = % pl gaddu] (vi) 


where A, (€ R) is the parameter of integration and a (e J) is chosen arbitrarily. 


Eliminating A, between (iva) and (ivc) one gets 


l+f., ¿2 l+t t l+t+éÉl, — fi+t 1 
E mE EEEN) pis =a pa sh 


whence, on integration, one obtains 


(1 - P)A, — A, = 4 ca | ca) (te D, (vii) 
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where A, (e R) is the parameter of integration and a (e I) is chosen arbitrarily. 


Taking A, = A, = 0 in (v) and (vi) one obtains 


It can be verified that t(ia) + (£? — 2) (ib) — (£ — 2) (ic) leads to 
no (02 j 2 2 
xi + (42 — 2) x, + 2i + Fijas- [5+1)w = 0, eD, 
whence, on integration, one obtains 
2 2 = e 
x} + ( = 2) x, + rae X4 = Ci, (i e D, (vii) 


where C, (e R) is the parameter of integration. 


Taking A, = A, = 0 in (vi) and (vii) one gets 


It can be verified that ¢(ia) + (2 — 2)(ib) + (1 — £) (ic) leads to 


f 


2-2, (1 - 4)2¢ + (4? -2) 
e tl + ag + 








1 1 
+ x +(P+1)3 72 =0, 
SN (1-1 2 po 
whence, on integration, one obtains 
2 
Ai 2 O, (ed, (ix) 


where C, (e R) is the parameter of integration. 
Taking A, = A, = 0 in (v) and (vii) one gets 
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It can be verified that (ia) — (1 — (ib) + (1 — #) (ic) leads to 


xi + (P - 1)x5 +20 H-ra- (4+1) =0 (teD, 


which, on integration, gives 
x, + (:? - 1) x, + k — xa =G, (te, (x) 


where C, (e R) is the parameter of integration. 
Solving (viii), (ix), (x) one obtains, for all £ e J, 
x, = (C - Cj)? + 2C, - Cy 
Xx, = (C3 =- Cy) + Cat, 


5. REMARKS 


The necessary and sufficient condition for an individual equation of the homogeneous 
SODEs (1.2) (m = n = 2) to be convertible to an exact differential equation has been determined 
in Case la of §2. 


In the rest of this article, a suitable linear combination of the equations of the 
homogeneous SODEs (1.2) is sought which would be integrable. Such a suitable linear 
combination of the equations of the given SODEs (1.2) is previously used to be determined 
by inspection. Attempts have been made here to chalk out an algorithm for the determination 
of requisite number of such suitable linear combinations of the equations of the given 
homogeneous SODEs (1.2). Three approaches for finding such linear combinations have been 
presented in §§2, 3, 4. However, the approaches discussed here are unfortunately not capable 
of covering all possible homogeneous SODEs. One such example will be discussed in a 
subsequent paper. 
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A UNIFIED THEORY OF OPEN FUNCTIONS IN 
BITOPOLOGICAL SPACES 


TAKASHI NOIRI AND VALERIU POPA 


ABSTRACT : By using almost M-open functions from an m-space into an m-space, we establish the 
unified charactrizations for several generalized forms of open functions between bitopological spaces. 
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1. INTRODUCTION 


Semi-open sets, preopen sets, a-open sets, P-open sets and b-open sets play an important role 
in the researching of generalizations of open functions in topological spaces and bitopological 
spaces. By using these sets, several authors introduced and studied various types of modifi- 
cations of open functions in topological spaces and bitopological spaces. Maheshwari and Prasad 
[14] and Bose [1] introduced the concepts of semi-open sets and semi-open functions in 
bitopological spaces. Jelic' [4], [6], Kar and Bhattacharyya [7] and Khedr et al. [8] introduced 
and studied the concepts of preopen sets and preopen functions in bitopological spaces. The 
notions of a-open sets and a-open functions in bitopological spaces were studied in [5], [18] 
and [9]. 


Recently, in [22] and [23] the present authors introduced the notions of minimal structures, 
m-spaces and m-continuity. Quite recently, in [19] and [20], they have introduced the notion 
of m-open functions in bitopological spaces. 


In the present paper, by using almost M-openness due to Mocanu [17], we obtain unified 
characterizations for sevaral generalizations of open functions between bitopological spaces. 


The main results of this paper are Theorems 5.1, 5.2 and 5.3. 


20 TAKASHI NOIRI AND VALERIU POPA 


2. PRELIMINARIES 


Let (X, t) be a topological space and A a subset of X. The closure of 4 and the interior of 
A are denoted by CI(4) and Int(A), respectively. Throughout the present paper, (X, t) and (Y, 
o) always denote topological spaces and (X, t,, t,) and (Y, ©, ©) denote bitopological spaces. 
The closure of A and the interior of A with respect to t, are denoted by iC](A) and int(A), 


respectively, for i = 1, 2. 


Definition 2.1 : A subfamily my of the power set A(X) of a nonempty set X is called a minimal 
structure (or briefly m-structure) [22], [23] on X if @ e myand X e my. 


By (X, my) (or briefly (X, m)), we denote a nonempty set X with a minimal structure 
my on X and call it an m-space. Each member of my is said to be my-open (or briefly m- 


open) and the complement of an my open set is said to be my-closed (or briefly m-closed). 


Definition 2.2 : Let X be a nonempty set and my an m-structure on X For a subset A of X, 
the m,-closure of A and the my-interior of A are defined in [16] as follows : 


(1) mCKA)=A{F: 4c F,X-F emp, 
(2) mint(4) = U{U: UCA, Ue my}. 


Lemma 2.1 : (Maki et al. [16]). Let (X, my) be an m-space. For subsets A and B of X, the 
following properties hold: 


(1) mCKX-— A) = X — mint(4) and mint(X — 4) oa mCI(4), 

(2) If (X— A) € my, then mC\(A) = A and if A € my, then mint(A) = 4, 
(3) mCI(@) = 6, mCI(X) = X, mint(6) = @ and mint(X) = X, 

(4) IfA CB, then mC\(A) c mCI(B) and mint(4) c mint(B), 

(5) Ac mCI(A) and mint(4) c A, 

(6) mCKmCIKA) = mCI(A) and mint(mint(4)) = mInt(4). 


Lemma 2.2.: (Popa and Noiri [22]). Let (X, my) be an m-space and A a subset of X. Then 
x € MCI(4) if and only if UNAS AQ for every U € my containing x. 
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Definition 2.3 : A minimal structure my on a nonempty set X is said to have property B [16] 
if the union of any family of subsets belonging to my belongs to my, 


Lemma 2.3 (Popa and Noiri [24]. Let (X, my) be an m-space and my satisfy property B.Then 
for a subset A of X, the following properties hold: 


(1) A e my if and only if mint(4) = A, 
(2) A is myclosed if and only if mCI(A) = A, 
(3) Int(4) e my and mCI(A) is myclosed. 


3. ALMOST M-OPEN FUNCTIONS 


Definition 3.1 : A function f : (X, my) > (E my) is said to be almost M-open at x e X [17] 
if for each my-open set U containing x, there exists V e my containing f(x) such that V c 


KU). If f is almost M-open at each point x e X, then f is said to be dlmost M-open. 
Theorem 3.1 A function f : (X, my) > (X my) is almost M-open at x e X if and only if for 
each m,-open set U containing x, x f''(mInt({U))). 


Proof. Necessity. Let U be an my-open set containing x. Then, there exists V e my such that 
flix) e Vc KU) and hence fix) e mInt(XU)). Therefore, we obtain that x e f!(mlInt({U))). 


Sufficiency. Suppose that x e f(mInt((U))) for each m,-open set U containing x. Then 
f(x) e mint((U)). Hence there exists Y e my, containing f(x) such that V c AU). Therefore, 
f is almost M-open at x. | 


Theorem 3.2 A function f : (X, my —> (Y my is almost M-open if and only if mInt((U)) 
= KU) for each myopen set U of X. 


Proof. Necessity. Let U be an m,-open set of X and x e U. Then, by Theorem 3.1, we have 
x e f (mInt(XU)) and hence f(x) e mint(1U)). Therefore, KU) c mInt((U)) and by Lemma 
3.1 AU) = mint({V)). 

Sufficiency. Let x e X and U be an my-open set of X containing x. Then we have fx) 
e U) = mInt(AU)). Therefore x e f(mInt((U)). By Theorem 3.1, f is almost M-open at 


S- 146111 
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each point x e X and hence f is almost M-open. 
Theorem 3.3 For a function f : (X, my) > (Y, my), the following properties are equivalent: 

(1) fis almost M-open at x; 

(2) x e mint(4) implies x e f(mInt((A))) for each A e PX); 

(3) x e mint (FB) implies x e f(mint(B) for each B e PY); 

(4) x e f'(mCl(B)) implies x e mCKf UB) for each B e PLY). 

Proof. (1) > (2) : Let A e #(X) and x e mint(4). Then, there exists an m,-open set 
U such that x e Uc A and hence f(x) e KU) c f(A). Since fis almost M-open at x, by Theorem 
3.1 x e FIAU) E f mint), 

(2) > (3) : Let B e PY and x e mint(f1(8)). Then x e f (mint BY) c 
f (miInt(B)). Therefore, we have x e f!(mlint(B)). 

(3) > (4) : Let B e ALY) and x ¢ mCl(*(B). Then x e X — mCl(f'(B)) = 
mint(X — f1(B)) = mint(f!(Y — B)). By (3), we have x e f'(mInt(Y — B)) = X — f}(mCl(B). 
Therefore, x £ f-'\(mCI(B)). 

(4) > (1) : Let U be an my,-open set of X containing x and B = Y — AU). Since 
mCl(f!(B)) = mci UY — KU) = ml — FRUN) c X — mint(V) = X — U and x e U, 
we obtain that x ¢ mCl(f!(B)). By (4), we have x ¢ f'(mCI(B)) = FU MCIUY - KU) = X 
— f(mint RUJ). Therefore, we have x e f!(mInt({(U))). By Theorem 3.1, f is almost M- 
open at x. 

For a function f : (X, my) > (Y my), we denote 


Diyo) = {x e X: f is not almost M-open at x}. 


Theorem 3.4 For a function f : (X, my) > (X my), the following equalities hold: 
e sÍ 
Dioh) = Vue, U — $ (mint(£W)))) 


Pees ímiInt(4) — f-'(mlnt(f(A)))} 


A UNIFIED THEORY OF OPEN FUNCTIONS IN BITOPOLOGICAL SPACES 23 


= Upery) {mInt(f!(B)) = f !(mInt(B))} 
= Upepo) FMCIB) — MCF LB). 


Proof. For the first equation, let x €e Diyo). Then, by Theorem 3.1, there exists an 
m -open set U, containing x such that x ¢ f '(mInt(f (U,))). Hence x € UN (X- FA (int(f (UDD) 


= Uy ~ FAUD) E Vuemy {U - f(maint(f(U)))}. 


Conversely, let x € Vy emy [u —f “(mint( f (v)))}. Then there exists U} e my such that 
x € U,- f'(mint(KU,))). Therefore, by Theorem 3.1 x € Dyyolf). 


For the second equation let x € Diyo). Then, by Theorem 3.3 there exists A, e P 
(X) such that x e mInt(4,) and x ¢ f !(mInt(KA ,))). Therefore, x e mInt(4,) - f mint(A4 Y) 
C User ¡mint(A) — f'(mInt(f{(4)))}. 


Conversely, x € U gep ímint(4) — f'(mInt(AA)))}. Then there exists A, e P (X) such 
that x e mint(4,) — f'(mInt({4,))). By Theorem 3.3, x € D iyo(f). The other equations are 


similarly proved. 
Theorem 3.5 For a function f : (X, my) > (% my), the following properties are equivalent: 
(1) fis almost M-open; 
(2) FU) = mmf) for each U e my; 
(3) Amint(4)) c mint(/(A))) for each A e P(X); 
(4) mint(f!(B)) c f!(mint(B)) for each B e PY); 
(5) f*(mCI(B)) = mCK(f'(B)) for each B e PY) 


(6) For each W e P(Y) and each F € P(X) such that f'(W) c F = mCI(P), there 
exists H e PY) such that W c H = mCI(H) and f(A) c F. 


Proof. The proof follows from Theorem 3.2, Lemma 3.1 of [17] and Theorems 5.1 and 
5.2 of [17]. 


By putting my = t in Definition 3.1, we obtain the following definition. 
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Definition 3.2 Let (X, t) be a topological space and (Y, my) an m-space. A function 
f: (X 1 > (Y my) is said to be m-open at x e X [20] if for each open set U containing 
x, there exists Y e my containing f(x) such that Y c AU). If f is m-open at each point x e 
X, then f is said to be m-open. 


Corollary 3.1 (Noiri and Popa [20]). For a function f : (X, 1) > (X, my), the following properties 
are equivalent: 


(1) fis m-open at x; 
(2) x e f\(mint((U))) for each open set U containing x; 
(3) Ifx e Int(A) for A e AX), then x e f'(mint(f(4))); 
(4) x © Inf UB) for B e PLY), then x e f\(mint(B)); 
(5) Ifx e FfUMCUB) for B e P(Y), then x e CFB). 
For a function f : (X, 1) > (E my), we denote 

D_ of) = {x € X: f is not m-open at x}. 


Corollary 3.2 (Noiri and Popa [20]). For a function f : (X, t) > (Y my), the following equalities 
hold: 


Dyo) = Oye tU - f min U)Y) 
= User (A) — fi mint (4) 
= Open fB) — f mint(B) 
= Upea if CIB)) - CFB} 


Corollary 3.3 (Noiri and Popa [19]). For a function f : (X, 1) > (Y, my), the following properties 
are equivalent: 


(1) fis m-open; 
(2) fU) = mint((U)) for each open set U of X; 
(3) Alnt(4)) < mint({4))) for each A e P(X); 
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(4) Int(f'(B)) c f'(mint(B)) for each B e P(Y); 
(5) ff '(mCl(B)) c CUP UB) for each B e PLY). 


Corollary 3.4 (Noiri and Popa [19]). For a function f : (X, Y) > (Y my), where my has property 
B, the following properties are equivalent: 


(1) fis m-open; 
(2) For each S e P(Y) and each closed set F of X containing f\(S), there exists an 
m-closed set H of Y containing S such that f(E) c F. 


By putting my = o in Definition 3.1, we obtain the following definition. 


Definition 3.3 Let (X, my) be an m-space and (Y, co) a topological space. A function 
J: (X, my) > (Y, 0) is said to be quasi m-open at x e X if for each m,-open set U containing 
x, there exists an open set Y of Y containing A(x) such that V œ KU). If fis quasi m-open 


at each point x e X, then f is said to be quasi m-open. 
Corollary 3.5 For a function f : (X, my) > (Y 0), the following properties are equivalent: 
(1) fis quasi m-open at x; 
(2) x e f'(nt({U))) for each m,-open set U containing x; 
(3) x e mint(A) implies x e F*(Int(A4)) for each A e€ P(X); 
(4) x e mint(f UB) implies x e f(Int(B)) for each B e PY); 
(5) x e fUCUB)) implies x e mC\(f'(B)) for each B e P(Y). 
Proof. This follows immediately from Theorems 3.1 and 3.3. 
For a function f : (X, my) > (X 0), we denote 
Damo) = {x e X : fis not quasi m-open at x}. 


Corollary 3.6 For a function f : (X, my) > (Y, 0), the following qualities hold: 
Yu emy (U - fine (AU) 
Oe, mint(4) — f AY} 


Domo) 
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= Oper) {mint 1(B)) — FAInt(B))) 
= Upepyy f (CIB) — melgeB))}. 


Corollary 3.7 For a function f : (X, my) > (Y, 0), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 


f is quasi m-open; 

RU) is open in Y for each U e my 
fimint(4)) < Int(f(4))) for each A e P(X); 
mint(”*(B)) c f(Int(B)) for each B e PY) 
fUCIB) c MCIF UB) for each B e P(Y. 


Corollary 3.8 For a function f : (X, my) > (X 0), where my has property B, the following 
properties are equivalent: 


(1) 
(2) 


f is m-open; 


For each W e P(Y) and each m-closed set F of X such that f(W), there exists 
a closed set H of Y such that W c H and UH) œ F. 


4. MINIMAL STRUCTURES ON BITOPOLOGICAL SPACES 


We shall recall some definitions of weak forms of open sets in a bitopological space. 
A. (i, JMO(X) 


Definition 4.1 A subset A of a bitopological space (X, t,, t,) is said to be 


(1) 
(2) 
(3) 
(4) 
(5) 


(i, j)-semi-open [14] if A c ¡Cl(iInt(4)), where i +j, i, j= 1, 2, 

(i, j-preopen [4] if A c ilnt(jCl(A)), where i +j, i, j = 1, 2, 

(i, j)-a-open [5] if A c ¡Int(¡Cl(¡Int(4))), where i +j, i j= 1, 2, 

(i, f-b-open [29] if A c int{jCl(A)) O jCl(int(4)), where i # j, i, j= 1, 2, 


(i, /)}-B-open or (i, /)-semi-preopen [8] if there exists an (i, /)-preopen set U such 
that U c A œ jCl(U), where i # j, i, j = 1, 2. 
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The family of all (i, /)-semi-open (resp. (i, /)-preopen, (i, /)-a-open, (i, /)-b-open, (i, j)- 
semi-preopen) sets of a bitopological space (X, t,, t,) is denoted by (i, /)SO(4) (resp. (i, PPO), 
G JatX), E BOC), (E ASPOCX). 
Remark 4,1 Let (X, Ti, 7,) be a bitopological space and A a subset of X. Then (7, /)SO(X), 
(i JPOCX), (i DaX), G, BOC and (i, DSPO(X) are all m-structures on X. Hence, if m=(i, 
DSO) (resp. @ DPO), (i Ha(A), @ NBOX) and (i, /)SPO(X)), then (1) m CKA) = (i 
J)sC\(A) (resp. (i, PpPEA), (i, HaCIA), (i OCIA), (3, s)spCl(4)), (2) mjInt(4) = (i /)sInt(A) 
(resp. (i, j)pInt(A), (i, Jalnt(4), (i s)bInt(4), (i, J)spInt(A)). 
Remark 4.2 Let (X, t,, t,) be a bitopological space. 

(1) Let my = (i, DSO(X) (resp. (i, /)a(X)). Then, by Lemma 2.1 we obtain the result 


established in Theorem 13 of [14] and Theorem 1.13 of [11] (resp. Theorem 3.6 
of [18]). 


(2) Letm, = (i, JSOCX) (resp. (APOCO, GE, DaX), (E, ASPOCO). Then, by Lemma 
2.2 we obtain the result established in Theorem 1.15 of [11] (resp. Theorem 3.5 
of [8], Theorem 3.5 of [18], Theorem 3.5 of [8]). 


Remark 4.3 Let (X, t,, t,) be a bitopological space. 


(1) It follows from Theorem 2 of [14] (resp. Theorem 4.2 of [7] or Theorem 3.2 of 
[8], Theorem 3.2 of [18], [29], Theorem 3.2 of [8] that (i, )SOCX) (resp. (i, HPOCD, 
G Ja, E JBOCX), @ DSPO(X)) is an m-structure on X satisfying property B. 


(2) Let m, = (i /)SOCX) (resp. (i, NPO), (i, a(x), (i, SPOCO). Then, by Lemma 
2.3 we obtain the result established in Theorem 1.13 of [11] (resp. Theorem 3.5 
of [8], Theorem 3.6 of [18], Theorem 3.6 of [8]). 


B. QMOCY) : 
We shall recall some definitions of variations of quasi-open sets in bitopological spaces. 
Definition 4.2 A subset A of a bitopological space (X, t,, T,) is said to be 


(1) quasi-open [3], [28] or t,t,-open [12] if A= B U C, where B e t; and C € t, 
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(2) quasi-semi-open [10], [15] if A = B U C, where B e SO(X, t,) and C e 
SOCK, 17), 
(3) quasi-preopen [21] if A = B UC, where B e POQ, t,) and C e PO(X, t), 
(4) quasi-a-open [30] if A = B U C, where B e a (X, t,) and C e aX, t), 
(5) quasi-b-open if A = B OU C, where B e BO(A, t,) and C e BO(X, t), 


(6) quasi-semi-preopen [31] if A = B U C, where B e SPO(X, t,) and C € 
SPO(A, 1,). 

The family of all quasi-open (resp. quasi-semi-open, quasi-preopen, quasi-semi-preopen, 
quasi-a.-open, quasi-b-open) sets of (X, t,, t,) is denoted by QO(A) or t,t OCX) (resp. QSOCX), 
QPO), QSPO(K), Qui), QBO(X)). 

The complement of a t,t,-open set is said to be t,t,-closed. The intersection of all t,t,- 
closed sets containing a subset A of X is called the t,t.,-closure of A and is denoted by 1,7, Cl(4). 


The union of all t,t,-open sets contained in a subset A of X is called the t,t,-interior of A 
and is denoted by 7,T,Int(4). 


Definition 4.3 Let (X, t,, t,) be a bitopological space and ml, (resp. m3) an m-structure 
on the topological space (X, t,) (resp. (Y, t,)). The family 
gm, = {AC X:A=BUC, where Be m, ad C e mz) 


is an m-structure on X which is called a quasi m-structure on X [2]. Each member of gmy 
is said to be quasi-m,-open (or briefly quasi-m-open). The complement of a quasi-m,-open 
set is said to be quasi-myclosed (or briefly quasi-m-closed). 


Remark 4.4 Let (X, 1,, t,) be a bitopological space. 
(1) If ml and mẹ have property B, then gm, has property B. 
(2) If mẹ = q; and mí = 7, (resp. SO(X, t,) and SO(X, 1,), PO(X, 1,) and 


PO(X, t,), SPO(X, t,) and SPO(X, t,), BO(X, 1,) and BO(X, +), o(X, 1,) and 
ACX, 17)), then qm, = QO(A) (resp. QSO(X), QPO(X), OSPO(A), QBO(X), Q(X). 
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(3) Since SOCK, t,), POC, t,), SPO(X, 1,), BOCX, t,) and aX, t,) have property B 
for i = 1, 2, QSO(X), QPO(S, QSPO(S, QBO(X) and Qa(X) have property B. 
Definition 4.4 Let (Y, t,, t,) be a bitopological space. For a subset A of X, the quasi 


m,-closure of A and the quasi myinterior of A are defined as follows: 
(1) qmCl(4) = MF: ACE X-Fe qm), 
(2) qmint(4) = U{U: UCA, U e qm). 
Remark 4.5 Let (X, t,, t,) be a bitopological space and A a subset of X. If gm, = QO(Y) 
(resp. QSO(X), QPOCO, QSPOCY, QBOCX), Qa(X)), then we have 
(1) qmCl(A) = qCl(A) (resp. qsCl(4), qpCl(4), qspCl(4), qbCi(4), qaCl(4)), 
(2)  qmint(4) = qInt(4) (resp. qsInt(4), qpint(4), qspint(4), qbint(4), qalnt(4)). 
C. (1, 2)*MOCX) 
Definition 4.5 A subset A of a bitopological space (X, Ti, T,) is said to be 
(1) (1, 2)*-semi-open [26], [27] if A c 1,t,Cl(t,t,Int(A)), 
(2) (1, 2)*-preopen [26], [27] if A c t,t,Int(t,t,Cl(A)), 
(3) (1, 2)*-a-open [26], [27] if A c 1,1, Int(t,t,Cl(<,t,Int(4))), 
(4) (l, 2)*-semi-preopen if A c t,t,Cl(t,t,Int(t,t,Cl(A))). 


The family of all (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semi- 
preopen) sets is denoted by (1, 2)*SOCYX) (resp. (1, 2)*POCX), (1, 2*a(0, (1, 2)*SPOCX)). 


The complement of a (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*- 
semi-preopen) set is said to be (1, 2)*-semi-closed (resp. (1, 2)*-preclosed, (1, 2)*-a-closed, 
(1, 2)*-semi-preclosed). 

The intersection of all (1, 2)*-semi-closed (resp. (1, 2)*-preclosed, (1, 2)*-a-closed, 
(1, 2)*-semi-preclosed) sets containing a subset A of X is called the (1, 2)*-semi-closure (resp. 
(1, 2)*-preclosure, (1, 2)*-a-closure, (1, 2)*-semi-preclosure) of A and is denoted by 
(1, 2)*sCI(A) (resp. (1, 2)*pCI(4), (1, 2*aC1(4), (1, 2)*spCl(A)). 





30 


TAKASHI NOIRI AND VALERIU POPA 


The union of all (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semi- 


preopen) sets contained in A is called the (1, 2)*-semi-interior (resp. (1, 2)*-preinterior, (1, 
2)*-a-interior, (1, 2)*-semi-preinterior) and is denoted by (1, 2)*sInt(4) (resp. (1, 2)*pInt(A), 
(1, 2)*alnt(4), (1, 2)*spInt(4)). 


Remark 4.6 Let (X, T], t,) be a bitopological space and A a subset of X. 


(1) 


(2) 


(3) 
(4) 


The families (1, 2)*SO(X), (1, 2)*POCX), (1, 2)*a(X), and (1, 2)*SPO(X) are all 
m-structures with property B. 


By (1) and Lemma 2.3, we have the following properties: 


(i) Ais (1, 2)*-semi-closed (resp. (1, 2)*-preclosed, (1, 2)*-a-closed, (1, 2)*-semi- 
preclosed) if and only if A = (1, 2)*sC1(4) (resp. A = (1, 2)*pCI(4), A = (1, 
2)*aCl(A), A = (1, 2)*spCl(A)). 


(ii) A is (1, 2)*-semi-open (resp. (1, 2)*-preopen, (1, 2)*-a-open, (1, 2)*-semi- 


preopen) if and only if A = (1, 2)*sInt(4) (resp. A = (1, 2)*pInt(A), A = (1, 
2)*aInt(4), A = (1, 2)*spInt(4)). 


By Lemma 2.2 we obtain the result established in Proposition 2.2(11) of [28]. 


By Lemma 2.1, we obtain the relations between (1, 2)*sC1(4) (resp. (1, 2)*pCI(A), 
(1, 2)*aCi(A), (1, 2)*spCi(4)) and (1, 2)"sInt(4) (resp. (1, 2)*pInt(4), (1, 
2)*aInt(A), (1, 2)*spint(4)). 


D. (1, 2)MO(X) 


Definition 4.6 A subset A of a bitopological space (X, T}, T,) is said to be 


(1) 
(2) 


(1, 2)-semi-open [12] if A C t,t,Cl(t, Int(4)), 
(1, 2)-preopen [12] if A c t,Int(t,t,Cl(4)), 


(1, 2)-a-open [12] if A c t,Int(t,t,Cl(t,Int¢4))), 


(1, 2)-semi-preopen [13], [25] if A t,t,Cl(c, Int(t,t,Cl¢4))). 


- m e 
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The collection of all (1, 2)+-semi-open (resp. (1, 2)-preopen, (1, 2)-a-open, (1, 2)-semi- 
preopen) sets of X is denoted by (1, 2)SO(X) (resp. (1, 2)POC(X), (1, 2)a(X), (1, 2)SPOCY)). 


The complement of a (1, 2)-semi-open (resp. (1, 2)-preopen, (1, 2)-a-open (1, 2)-semi- 
preopen) set of X is said to be (1, 2)-semi-closed (resp. (1, 2)-preclosed, (1, 2)-a-closed, 
(1, 2)}-semi-preclosed). 


The itasha of all (1, 2)-semi-closed (resp. (1, 2)-preclosed, (1, 2)-a-closed, (1, 2)- 
semi-preclosed) sets containg A of X is called the (1, 2)-semi-closure (resp. (1, 2)-preclosure, 
(1, 2)-a-closure, (1, 2)-semi-preclosure) of A and is denoted by (1, 2)sCI(A) (resp. (1, 2)pCI(4), 
(1, 2aC1(4), (1, 2)spCI(4). 


The union of all (1, 2)-semi-open (resp. (1, 2)-preopen, (1, 2)-a-open, (1, 2)-semi- 
preopen) sets of X contained in A is called the (1, 2)-semi-interior (resp. (1, 2)-preinterior, 
(1, 2)-a-interior, (1, 2)-semi-preinterior) of A and is denoted by (1, 2)sInt(A) (resp. (1, 2)pInt(4), 
(1, 2)alnt(4), (1, 2)spInt(4)). 


Remark 4.7 Let OG Tis T) be a bitopologiçal space and A a subset of X. 


(1) The families a, 23500, (1, 2)POCX), (1, 2:00) and (1, 2SPO() are all 
m-structures on X having property B. 


(2) By (1) and Lemma 2.3, we have the following properties: 
(i) A subset A is (1, 2)-semi-closed (resp. (1, 2)-preclosed, (1, 2)-a-closed, 
(1, 2)-semi-preclosed) if and only if A = (1, 2)sCI(A) (resp. A = (1, 2)pCI(4), 
A = (1, 2)aCi(A), A = (1, 2)spCl(A)). 
(11) A is (1, 2)-semi-open (resp. (1, 2)-preopen, (1, 2)-a-open (1, 2)-semi-preopen) 
if and only if A = (1, 2)sInt(4) (resp. A = (1, 2)pInt(4), A = (1, 2Jalnt(4), 
A = (1, 2)spInt(4)). 
(3) By Lemma 2.2, we obtain the results established in Lemma 8 of [27]. 
(4) By Lemma 2.1 we obtain the relations between (1, 2)sCI(4) (resp. (1, 2)pCI(4), 
(1, 2)aCi(A), (1, 2)spCi(4)) and (1, 2)sInt(4) (resp. (1, 2)pInt(4), (1, 2JaInt(4), 
(1, 2)spint(4)). 


a 
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5. ALMOST M-OPEN FUNCTIONS IN BITOPOLOGICAL SPACES 


5.1 Almost M-open functions 
First, we recall some generalized forms of open functions between bitopological spaces. 


Definition 5.1 A function f : (X, Ti, T2) > (Y, ©} 0,) is said to be (i, j)presemi-open (resp. 
(1, 2)-preopen [13], t,t.-open [27] if KU) is (i, j)-semi-open (resp. (1, 2)-preopen, s,0,-open) 
in Y for each (i, j)}-semi-open (resp. (1, 2)-preopen T,T,-open) set U of X. 

Since (i, f/SO(Y), (1, 2)PO(Y) and o,0,0(Y) have property B, it follows that a function 
I: X, t,, 7,) > (Y, 0,, ©) is (i j/-presemi-open (resp. (1, 2)-preopen, t,t,-open) if f : 
(A, m(t;, T2)) > (Y, m(o,, 0,)) is almost M-open, where m(t,, t,) = (i DSO(X) (resp. 
(1, 2)PO(X) and 1,T,0(4)) and mo, ©) = (i, JSO(Y) (resp. (1, 2)PO(Y) and o,o,0(¥)). 
As shown by the above functions, some modifications of open functions between bitopological 
spaces are characterized by almost M-open functions between m-spaces with appropriate 
m-structures determined by the topologies. 


Definition 5.2 Let (X, T}, t,) (resp. (Y, ©}, 0,)) be a bitopological space and m(t}, t,) (resp. 
m(o;, G,)) denote an m-structure on X (resp. Y) determined by t, and t, (resp. o, and o). 
A function f : (X, t,, Ta) > (Y, 0,, ©) is said to be almost M-open at x e X (resp. on X) 
if f: (X m(t,, t)) > (E m(5,, 0,)) is almost M-open at x e X (resp on A). 


Remark 5.1 Let (X, t,, t,) be a bitopological space. For minimal structures m(t}, t,) determined 


by t, and t,, for example, we have the following. 
A. (i, PMO(A) = ( 95000, i PO), G NaC), (E NBO), @ JISPO(A)). 
B. QMOCX) = QOX), QSO(X), QPO(X), Qa(X), QBO(X), QSPO(X). 
C. (1, 2)*MO(X) = (1, Z So, (1, 2)*POGO, (1, 2)*a(X), (1, 2)*SPO(X). 
D. (1, 2)MO(X) = (1, 2)S0(X, (1, DPOW, (1, DaX), (1, 2)SPOMD. 
By Definition 5.2 and Theorems 3.1 and 3.3, we obtain the following theorem. 


Theorem 5.1 Let (X, t,, 1,) (resp. (Y, 6,, 6,)) be a bitopological space and m(t,, t,) (resp. 
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m(o,, 0,) a minimal structure determined by t, and 1, (resp. 6, and G4). For a function f 


: (XY Ti Ta) > (Y, 0,, 07), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 


fis almost M-open at x €e X; 

xef l(m(o,, 6,)Int({U))) for every m(t,, 1,)-open set U containing x; 

x € m(t,, t,)Int(A) implies x e f'(m(o,, 0,)Int((4))) for each A e P(X); 
x € m(t,, t,)Int(f(B)) implies x e f'\(m(o,, o,)Int(B)) for each B e P(Y); 


x e f'((c,, 0,)CUB)) implies x e m(t,, t,)C\(B)) for each B e P(Y). 


By Theorems 3.2 and 3.5, we obtain the following theorem: 


Theorem 5.2 Let (X, t,, t,) (resp. (Y, ©}, 0,)) be a bitopological space and m(t;, T3) (resp. 
m(S,, 07) a minimal structure determined by 1, and t, (resp. ©, and 6,). For a function f 


: (A, Ti T2) > (Y, 0,, 54), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


f is almost M-open; 

FU) = m(s,, o, Int(TU)) for each U e m(t,, 1); 

AmE, t)Int(A)) c mo, ODARA) for each A e AX); 
m(t,, 1, Int(F*(B)) c fmo, 0,Int(B)) for each B e (Y); 
f'o, 0C1KB)) < m(t,, 1C UB) for each B e ALY). 


For each W e P(Y) and each F € P(X) such that f(W) c F = m(t,, 1,CI(P), 
there exists H e P(Y) such that W c H = m(o,, 6,)CI(A) and $ UBH) c F. 


Corollary 5.1 For a function f : (X, t,, 1,) > (Y, 0,, 0,), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 


f is (i, j)-presemi-open, 

IO) e (i DSO) for each U e (i, j)SO(X); 

RG psInt(4)) < (i s)sInt(f{A))) for each A e PX); ma 
(i jst B) UG, AsInt(B)) for each B e AY); 


SUE AsClB)) c (i IsCUF UB) for each B e PLY). 
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(6) For each W e P(Y) and each (i, j)-semi-closed set F such that f(W) c E there 


exists an (i, j)-semi-closed set H of Y such that W c H and $ UH) c F. 


Proof. By putting m(t,, t,) = (E, /)SO(X) and m(s,, o,) = @ DSO(Y), we obtain the proof 
from Theorem 5.2 and Lemma 2.3. 


Corollary 5.2 For a function f : (X, T1, 1,7) > (Y, 0, S3), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


f is (1, 2) -preopen; 

RU) € (1, 2)PO(Y) for each U e (1, 2)PO(X); 

HO, 2pInt(4)) c (1, 2)pInt(X4))) for each A e AX); 
(1, Dpi UB) < f, 2)pInt(B)) for each B e PLY); 
FNC, DPEBY c (1, 2pCIF UB) for each B e PLY). 


For each W e P(Y) and each (1, 2)-preclosed set F such that f(W) c E there 
exists a (1, 2)-preclosed set H of Y such that W c H and f (H) c F. 


Proof. By putting m(t,, t,) = (1, 2)PO(4) and m(o,, ©) = (1, 2)PO(Y), we obtain the 
proof from Theorem 5.2 and Lemma 2.3. 


Corollary 5.3 For a function f : (X, 1,, T3) > (Y, ©}, 94), the following properties are equivalent: 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


f is 1,1,-open; 

RU) e 6,0,0(¥) for each U e 1,1,0(%); 

Fr T¿Int(4)) < 0,0,mt(A4))) for each A e P(X); 
1,1,Int(F1(B)) c fUo,0,Int(B)) for each B e AY); 
f\(o,0,C\(B)) < TCI UB) for each B e FLY). 


For each W e P(Y) and each 1,1,-closed set F such that f 1(W) < E there exists 
a 6,0,-preclosed set H of Y such that W c H and UH) c F. 


Proof. By putting m(t,, t,) = t,t,O(X) and m(o,, 0,) = 0,0,0($), we obtain the proof from 
Theorem 5.2 and Lemma 2.3, 
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For a function f : (X, t,, t,) > (Y, 0,, 0,), we denote 
Dimo) = {x e X : fis not almost M-open at x}. 


Let m(t,, t,) (resp. m(o,, G,) be a minimal structure on X (resp. Y) determined by t, 


and t, (resp. 0, and o,). Then, by Theorem 3.4 we obtain the following theorem. 


Theorem 5.3 For a function f : (X, t, 1,) > (Y, 0,, ©), the following equalities hold: 


Dano) = Cuenta: U ~ Sm 07)im(S(0)) 
= Ur cre) (mt, 7,)Int(4) — fUo, 0) Int(RA))) 
= Ugezy MC Tt B) -f'n 5,)Int(B))) 
= Uger MO, 5,)CKB)) — mC, 1)C UB) 
For a function f : (X, t,, Ta) > (Y, 6), 9,), we denote 
Dpso) = {x e X : fis not (i, j}-presemi-open at x}. 
Then, by Theorem 5.3 we obtain the following corollary: 
Corollary 5.4 For a function f : (X, %,, Ta) > (Y, 9, ©), the following equalities hold: 
Desol) = Uyewsoun tU - FG, Pat) 
= Uger ili DSA) — FG DIAAN) 
= Ugeryy {G DIt) -FNG NIB) 
= Upepyy f (E DCB) — (i PSC MB) 
For a function f : (X, t,, t,) > (Y, 0,, 9,), we denote 
Dy apo) = {x € X : fis not (1, 2)-preopen at x}. 
Then, by Theorem 5.3 we obtain the following corollary: 
Corollary 5.5 For a function f : (X, T,, 1,) > (Y, 0), ©), the following equalities hold: 


Da, yeo) = Vue, »poulY - SF UA, 2)pInt((V)))} 
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= seme {(1, 2)pInt(4) — FA, 2)pInt(AA)))} 
= Upepyy {(1, 2)pint(B)) - FA, 2)pInt(AB))) 
= Upepyy A, 2)pCl(B)) — (1, 2)pCKFUB))) 
For a function f (X, t} t) > (Y, o}, 65), we denote 
Disco) = {x € X: f is not 1,1,-0pen at x}. 
Then, by Theorem 5.3 Me oemi following corollary: 


Corollary 5.6 For a function f : (X, 1), t)) > (Y, 0;, ©), the following equalities hold: 
Dut) = ue, oo JU — £oyeaine( su) 


= Ugepe tty tInt(4) — Y '(o,0,Int(KA)))} 
= Upepyy Tit) - f (6,0,nt(AB)) 


= repay il '(o,0,CI(B)) — THC BN) 
5.2 (i, f)-m-open functions 


Definition 5.3 A function f: (X, t,, 1,) > (Y, 0,, ©) is said to be (i, j)-semi-open [1] (resp. 
(i, j}-preopen [7], (i, j)-a-open [9], (i, j)-semi-preopen) if for each t.-open set U of X, f(U) 
is (i, J}-semi-open (resp. (i, /)-preopen, (i, /)-a-open, (i, j}semi-preopen) in Y. 

Definition 5.4 Let (Y, o,, ©,) be a bitopological space and mja minimal structure on Y 
determined by o, and o,. A function f : (X, T,, t2) > (Æ ©,, ©) is said to be (i, )-m-open 
at x e X [20] (resp. on X [19]) if f: X, t) > (Y, m) is m-open at x (resp. on A. 
Remark 5.2 (1) By Definition 5.4, it follows that a function f : (X, t,, ta) > (Y, O}, 07) 


is (i, j}m-open at x e X if and only if for each t-open set U containing x, there exists an 
m,-open set V of Y such that Ax) c V and Y c RU). 


(2) If m, = G, DSO) (resp. (i, PPOP), (5 aX), (i, NSPOCY) and f : (X, 1,, 14) > 
(Y, 0;, O5) is (i j)-m-open at x e X (resp. on A), then f is (i, /)-semi-open (resp. (i, /)-preopen, 
(i, j}a-open, (i, j)-semi-preopen) at x (resp. on A). 
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(3) Since (i ASO(D, E, PPOM, (E, Ja(Y) and (i, ASPO(Y are all m-structures on Y 
satisfying property B, a function f: (X, t,, t,) > (Y, 0,, 07) is (i /)-semi-open (resp. (i, j)- 
preopen, (i, j)~a-open, (i, /)-semi-preopen) if and only if f: (X, 1) > (Y, my) is m-open, where 
my = (i, JSO(Y) (resp. (i, DPOC), @ Dal), (i /SPOM)). 


By Theorems 5.1 and 5.2 of [20], we obtain the following theorem. 
Theorem 5.4 For a function f : (X, T1, 1,) > (Y, 0,, 6), the following properties are equivalent: 
(1) fis (i, j)-m-open at x e X; 
(2) xef Cn Int(f(U)) for every topen set U containing x; 
(3) Ifx e iUnt(A) for A e FAX), then x € Fm, Int AA); 
(4) Ifx e iIn( UB) for B e ALY), then x e F'(mylnt(B)); 
(5) fx e f'(m,Ci@)) for B e PLY), then x e iCl(f"(B)): 
By Theorems 5.1 and 5.2 of [19], we obtain the following theorems. 
Theorem 5.5 For a function f : (X, 1,, Ta) > (Y, 6), 0,), the following properties are equivalent: 
(1) fis (i, j)-m-open; 
(2) fV) = m,Int(f(U)) for every open set U e t; 
(3) fin) c m tA) Jor every subset A of X; 
(4) Int (B) c f'n tB) for every subset B of Y; 
5 f '(m,¿CUB)) c iCl(@'(B)) for every subset B of Y. 


Theorem 5.6 Let my, be a minimal structure with property B on Y determined by a, and 
©. Then, for a function f : (X, Ti, T2) > (Y, 0,, 0), the following properties are equivalent: 


(1) fis (i j)-m-open; 
(2) RU) is m,yopen for every tropen set U of X; 


(3) for any subset S of Y and each t,-closed set F of X containing f(S), there exists 
an m,-closed set H of Y containing S such that PUE) cF. 
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Remark 5.3 If m, = (i f)SO(Y) (resp. (i, /)PO(Y), (i, /a(Y)), then by Theorems 5.5 and 5.6, 
we obtain the characterizations of (i, /)-semi-open (resp. (i, /)-preopen, (i, /)-a-open) functions 
established in Theorem 3.1 of [1] (resp. Theorems 7.3 and 7.4 of [7] and Proposition 3.1 of 
[6], Theorem 4.6 and Corollary 4.7 of [9]). 


For a function f : (X, t} Ta) > (Y, ©; 0), we denote 
Da, pmo) = {x e X: fis not (i, j)-m-open at x}. 
Theorem 5.7 For a function f : (X, Ti, 1,) > (Y, 0), 54), where m,, is a minimal structure 
on Y determined by o, and o,, the following equalities hold: 
Da, pmo) = Yu en] U ag “i(mjint(f (0) 
= Uzepey{ilnt(A) — fm, A) 
i Ue gnt B) af '(m, Int(B))} 
= Bergi '(mC1(B)) - iCl(f"(B))}. 


53 (i, j)-quasi-m-open functions 


Definition 5.5 Let (X, T}, T,) be a bitopological space and m, a minimal structure on 
X determined by t, and t,. A function f : (X, Tp Ta) > (Y, 6), 0,) is said to be (i, j)- 
quasi-m-open at x e X (resp. on X) if f: X m) > (Y, 0) is quasi-m-open at x 
(resp. on A). 
Remark 5.4 (1) By Definition-5.5, it follows that a function f : (X, t,, Ta) > (Y, ©}, ©) 
is (i, /)-quasi-m-open at x e X if and only if for each (i, /)-m-open set U containing x, there 
exists a o,-open set Y of Y such that fx) < Y and Y c AO). 

(2) If my = @ ISO(X) (resp. (i POX), (i Da, (i, PSPOCK) and f: (X Ty %) 
> (Y, 9,, 07) is (ù )-quasi-m-open at x e X (resp. on X), then fis (i, /)-quasi-semi-open (resp. 
(i, j)-quasi-preopen, (i, J)quasi-a-open, (i, j)-quasi-semi-preopen) at x (resp. on A). 


By Corollaries 3.7 and 3.8, we obtain the following theorems. 


ti 
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Theorem 5.8 For a function f : (X, t,, 1,) > (Y, 0, 59), the following properties are equivalent: 
(1) fis G j)-quasi-m-open; 
(2) NU) is o;open for every U e my 
(3) Am,Int(4)) c ont(f{A)) for every subset A of X; 
(4) m,Int(f'(B)) c f'(oInt(B)) for every subset B of Y; 
(5) fo CUB) < m Cf UB) for every subset B of Y. 


Theorem 5.9 Let (X, t,, 1,) be a bitopological space and My a minimal structure with property 
B on X determined by 1, and t,. For a function f : (X, Ti, t)) > (X 0,, 0,), the following 
properties are equivalent: 


(1) fis (i, j)-quasi-m-open, 


(2) for any subset S of Y and each m,yclosed set F of X containing f \(S), there exists 
a o,closed set H of Y containing S such that fH) c F. 


Remark 5.5 (1) By Theorem 5.8, we obtain Theorems 2.4 and 2.6 of [29]. 
(2) By Theorem 5.9, we obtain Theorem 2.5 of [29]. 


Theorem 5.10 Let (X, 1,, 1,) be a bitopological space and My a minimal structure on X 
determined by t, and 7,. For a function f : (X, t,, t,) > (Y, 0,, 9,), the following properties 
are equivalent: 


(1) fis (i, j)-quasi-m-open at x € X; 

(2) x e fUo¡mtíAU)) for every m,ropen set U containing x; 
(3) fx e m,lnt(A) for A e PŒ), then x e fo ntfs); 
(4) Ifx e mint (B)) for B e P(Y), then x e f (6 Int(B)); 
(5) Yx e fUoCUB) for B e PY), then x e m,CUF UB). 
For a function f : (X, t}, 1,) > (Y, ©}, 0,), we denote 


Di, namo) = Y € X : fis not (i, j)-quasi-m-open at x}. 


40 


TAKASHI NOIRI AND VALERIU POPA 


Theorem 5.11 Let (X, tı, 1,) be a bitopological space and m, a minimal structure on 


X determined by t, and t,. For a function f : (X, 1,, t3) > (Y, 6), 52), the following equalities 


hold: 


10. 


Dg, ano) = Uy emy | Y - f(0, Int(f(U ))} 


= Ulep Mynta) — FO MERO) 
j Uge ary Matif (B) - f'(oInt(B))} 
= Uger 06 CUB) — m ¿CI UB). 
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SAME FIXED POINT THEOREMS WITH 
G-ITERATION IN NORMED LINEAR SPACES 


DEEPAK SINGH KAUSHAL S. S. PAGEY 


ABSTRACT : In the present paper, a new type of one step iteration for self mapping is introduced 
and studied with a contractive type condition. The results obtained in this paper extend and improve 
the corresponding results of Dhage [2] and Sahu [7]. An illustrative example is given in support of our 
theorem. 


Key words : Quasi contractive mapping, Normed linear space, Fixed point. 
Mathematics Subject Classification. 47H10, 54H25, 
1. PRELIMINARIES 

Theorem 1.1 : Dhage [2] has proved a fixed point theorem satisfying the inequality 

Tx — Ty < a(x — Tx + y - Ty) 

l | 

+ (L- 2a) max} x — y, x= Ty, y Dz- Tet y~ Ihya- Ty +y- Th 
Definition 1.1 : Let X be a normed space and T : X > X is a self mapping then T is said 
to satisfy a Lipschitz condition with constant q if 

Ix- y <qU-y) Yx yeX 

If q < 1 the T is called a contraction mapping. 


Definition 1.2 : Let X be a normed space. Then a self mapping T of X is called quasi contractive 
mapping if 

Tx — Ty < q max{x — y x — Tx, y- D, x — Ty, y — Tx} Vx, y EX where 0<q <]. 
Definition 1.3: Let X be a normed space. Then 7, and T, two self mappings of X are called 
quasi contractive pair of mappings if 


Tix- Ty <q max{x—y,x-T,x, y- Thy, x- Ty, y- 7x} Vx y €X, where 0<q <1. 
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2. MAIN RESULTS 


Theorem 2.1. Let X be a closed convex subset of normed linear space N and let T be a quasi 


contractive self mapping of X and {x,} be the sequence of G-iterates associated with T. Then 
G-iteration process is defined in the following manner: 


Let xq, x, € X and 

Xma = (Hn — Ai + AD + (Lm by = Ay + Hy) Ty + Oy — Dx, for n > 0 
where {1}, {A,} and (k,) satisfying | 

i) pas, =k, =1lifn=0 | 

Gi) 0<4,<1,0<k, <1 forn>0. 

(iii) p, 2 Ay 4,2%, forn 2 0. 

(iv) lim, An 
(V) Tim, 760 My = 1 


h = lim. k,, where A > 0. 


If {x,} converges in X then it converges to a fixed point of T. 
Proof : If {x,} converges on z e X then lim Xp = 2 

Now we shall show that z is the fixed point of T. 

Consider 

Z= 52 FR a AZ 
S 2 py + (Uy — Mgnt + AT + (1 — Hy An RD Tn + Ap Hel — Te 
Seta FA — Ad 7 TERA Tx, 7 12H (A, +Kk)Tx, 

= Tz FA. =k px. - 7 

S Z — Xa t (hb, — Aa — Tz 
+ Ag max {xX a] — Z X — Pepys Z — Tz, Xpy Taz- Tx +} 


+ (1H, -2A, + kT, —- Te + Q, — kx, - Tz sv: (221,1) 














n 
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We observe that 
(1 — py) (An — Kn) 
n+] 7 TX a AA+ S Xn+2 T A a Xn+1 7 Ix, fe i Xn 7 IX, 
n n ni 
And 
Z= Wy SZ Xa E X 7 Xp 
] (1 — Hn) A, ~k 
L< Z= Xapi Ea Xn T X42 Y > Xpat 7 IX, + Cota, ~ Ix, 
Ay An Mn 
Now putting above values in (3.1.1) then we have 
Z=l 2220 FA 4 ey dz 
i (1 - Hy) (A, -k 
a ~ 2,4 Xn+1 = X2 T A s An41 7 Ix, + a =~ 1X,,, 2 ~ Iz, 
+ 4A,q max n n 
e eE I ( — 47) T (Àn — kn) 
Xn+l 2,2. = Xp4 1 + A Ynt ~ Xn42 F A Xans 7 4X pq + A 
4] n 


+(=p,=4 kx m T t A= kym Tz 
Letting n —> œ then we have 

z — Tz < (1 — h + hq)z - Tz 

which is a contradiction. 


Hence z = Tz is a fixed point of T. 
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Remark : When {p,} = {1} and {A} = {k,} then above G-iterative process reduces to Mann 


iteration. 


Theorem 2.2 Let X be a closed convex subset of normed linear space N and let T, and T, 


be quasi contractive pair of self mappings of X and {x,} be the sequence of G-iterates associated 


with 7, & T,; then G-iteration process is defined in the following manner: 
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Let xp, x, € X and 
Xone = A EA ont + O — By A + kT + A, — Kadan 
and aga = (Hy = An Mamta + nT Xone + CL Bl = An + RDT ont + Oy — Boner 
for n 2 0 


where {p}, {A,} and (k,) satisfying 


(i) b= A, Eh a ifn = 0. 
(ii) 0<1,<1,0<k, <1 for n > 0. 
(111) A, Z Àp Hp Z Ky for n > 0. 


(iv) lim A = h = lim k where h > 0. 


Wo lim, w, = 1. 


If {x,} converges to z in X then z is the common fixed point of 7, and 7). y 


Proof : If {x,} converges on z e X then lim Xy =Z. 
Now we shall show that z is the fixed point of T. 
Consider 
z= Tz S= Aaa a 
S Z — Xapya + Hp — Aom T AT Xma + (O - Ha A t KDT Xan 
+ (A, — Ada 7 Tz 
S Z — Xgy+3 t (Uy — Ay Mza — Tye + Ay Toons 112 + (0 — By Ag tT ont 
— Taz + (A, — KM > Tz 
S Z = Xog+3 + (Hy — Apna — Tiz + Ang maX {Xana — Zo Xana — Tor ons» 
z — 1,2, Z — IX Xam — Tz} + Ap — An + ADT pony 
-Tz + A,- Ko Tz (22.1) 
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We observe that 


i (i-p,,) (A, — k) 
Xan+2 T LX2n+2 = Ay 2m? = Xdn+3 + añ i Xong2 ~ JiX2n41 E = Xan+1 7 Ly Xon44 
7 


and 
Dana S Z — Hara + a — Tory 
A — Ap 


] (1 - p,,) ER 
< Z = Xan+2 t F Xone2 T Xane3 A ann T Lan E Xan — Tone 
n n n 





Now putting above values in (2.2.1) then we have 


2 Tiz 52 — X yng + Uy — An) Xma 7 Tiz 








l (i-p,,) (An — kn) 
X2n42 72,2 112,7 —Xo42 7 X2n43 t 7 —Xan+2 — Tian 41 + E Sa = Xone 7 Ont 
n n 31 
l (1-u,) oan hn) 
+A, q MAX} Z — Xon42 + A Vm ~ Mana Pa DiX Ya 42 PARA es 
n n 


Xong2 7 Lz 


FL By = An t AP one Tiz + Og kan 7 Tz 
Letting n —> œ then we have 

z- Tz < (1 —- h+ hgjz -Tz 

Which is a contradiction. 

Hence z = T,z i.e. z is a fixed point of T}. 

Similarly we can show that 

z — Taz S (l — h + ką) z - Tz 


Hence z = T,z i.e. z is a fixed point of T}. 
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Finally we can say that z is a common fixed point of T, & T). 
This completes the proof of theorem. 


Example : Consider N = R?, where R? is the set of all 3-tuples x = (Xis Xy, X3) of real numbers 
and the norm x is defined by 
i 1 
= (Ea? y Vx e R? 
i=] 
let X= {x:x-0<1, 0,x e R?} and T be a self mapping of X into itself such that 
da x 
for any arbitrary x = (x,, Xx, X3) e X and Tx = (2. rae 2) 
Let {x,} be a sequence of clements of X such that 


Ln = Ada + DP + (1 = By By + k)Tx, + (A, -k)x, forn 2 0 and 


{Pat = ad for n 21 and yy = 1. 


{An} = [zh for n 2 0. 


1 


4n—3 
(== | forn = 0. 
i 1 1 _ (4 
Consider x, = (0, 0, 0), x, = x» 9, 0 e X; then x, = 70° 2 9 » Az = 757% 9 etc. 


4 1 
Now taking x = x, = (75-9 0] and y = x, = (750.0) then we have 


5 


a7 59<1 


Hence definition 1.2 is satisfied. 


Clearly we can see that Tx = x is satisfied only when x = (0, 0, 0) i.e. O is the unique 
fixed point of T. 


f 
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Remark : By using of Dhage’s [2] condition in above example for x = x, and y = x, we 
have 


16 
1524. 


Which is a contradiction, since a < 1. 


Hence condition of Dhage [2] fails. Therefore our results are genuine generalization of 
Dhage”s [2] condition. | 
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A SYSTEM OF LINEAR HOMOGENEOUS 
FIRST-ORDER ORDINARY DIFFERENTIAL 
EQUATIONS WITH VARIABLE COEFFICIENTS 
SOLVED WITH THE HELP OF A NONLINEAR 
ORDINARY DIFFERENTIAL EQUATION 


J. DAS (NEE CHAUDHURI) 


ABSTRACT : In [1], three methods of finding the solutions of systems of linear homogeneous first- 
order ordinary differential equations (SODEs) with variable coefficients have been developed. The present 
article deals with a particular system of two linear homogeneous first-order ordinary differential equations, 
which is not amenable to the methods discussed there. An alternative approach to solving the given system 
has been developed here. The approach is based upon the solution of a corresponding Riccati Differential 
Equation, which is notably a nonlinear ordinary differential equation (ODE). 


Key words : Systems of linear first-order ordinary differential equations with variable coefficients; 
Systems of linear algebraic equations, Exact differential equations, Riccati differential equations. 
AMS Classification. 34B. 

1. INTRODUCTION 


A system of two linear homogeneous first-order ODEs comprises 
Adal + 4o(t)a9(t) = a (Dx (0) + a12(t)22(¢), (t € D (1.1a) 
4y,(t)xy(t) + 49(t)x9(t) = a, (Ha (t) + az(t)x,(¢), tern (1.1b) 


where b, aj: I (interval) —> C (set of complex numbers), (i, j = 1, 2), are assumed to be 
continuous, ‘denotes differentiation with respect to t. 


In approach I discussed in [1], the aim is to find suitable linear combinations of (1.1a), 
(1.1b), which can be converted to an exact differential equation in a new variable. 


52 


J. DAS (NEE CHAUDHURI 





Writing 
LQ = £,, a(t) = a, x(t) = x, (i, j =I, 2), 
T , , + r 
r= rA = (AAAA ¿=rO=(x00), 
T 
L, z (£r fa)» A, = (anan) 2 tel, 


the SODEs (1.1a) — (1.1b) can be exhibited as 

PELEA teM  (¡=1,2). 

Functions A, : Z > C (i = 1, 2) are sought for so that the ODE 
(eT. L) ; Malr? La) = Ml. Ay) + alrt 42) 

can be converted to an exact ODE. 

The ODE (1.4), rewritten in the form 


[Oula +A2Lo)] = 17 [la + dada) + Ondi + Aaa) 
is convertible to a linear ODE if and only if there exists 
g : I + C such that 

(AL; + dole) + (Ay A; + Ag Ap) = By Ly F Mila) HeD. 
Writing | 

u, = u, (£) = A,(¢) a|- eoa) ((eD, (i=1,2), 


where a(e J) is being fixed arbitrarily, (1.6) can be reduced to 


t 


(112, + pZ) + (114; + Hg) = 0, ten. 
Now, (1.8) is integrable if there exists h : J > C such that 


HA +14) = hluL; +m] eD 


(1.2) 


(1.3) 


(1.4) 


(t e D, (1.5) 


(1.6) 


(1.7) 


(1.8) 


(1.9) 
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Notably the same function h is required for both the scalar ODEs of the vector ODE 
(1.9) so that the scalar ODE (1.5) can be solved. 


The equations (1.9), being a system of two linear homogeneous algebraic equations in 
the unknowns, 1,, H, will determine (p,, 1) # (0, 0) if 


ay -hf ay -hh 


= 0, (te D, (1.10) 
—hhy ay -hly | 


(1.10), being a quadratic equation in h, determines, in general, two functions h,, hy. 
Substituting A = h, (i = 1, 2) in (1.9), its corresponding solutions for 1,, p, are denoted by 
Hp He (i= 1, 2). 


If this (i, Wp) satisfies the SODEs (1.8) for (u, >), one obtains, using (1.9), 
(MaL + ML) + h(pnLi + lo L,) E 0, (? D, (i = l, 2), (1.11) 
whence it can be deduced that 


' 1 
Halı + Hal = rca) onl | xa). ((eD, (i=1,2, (1.12) 


where C, C (€ C) are the parameters of integration and a(e J) is chosen arbitrarily. 
Noting that A, : A. = u, : p [vide (1.7)] and (1.4) is homogeneous in A,, à, substituting 
Hip Hp for A,, A, in (1.4) and using (1.12) one gets 


r’ (COC =P. (Cp Cp), ed, (=1,2) (1.13) 
Hence 


Cpx] + Cx. = D, 0x0 146) is), (ie, G= 1, 2), (1.14) 


where D, e C (i = 1, 2) are the parameters of integration. 


The required solutions of the SODEs (1.1a) — (1.1b) are then obtained by solving the 
algebraic equations (1.14). 
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The trouble starts when the p, Hp, obtained from (1.9) for a root A, of (1.10), fails 
to satisfy the SODEs (1.8). In this case, the Approach I of [1] fails. 

In the sequel, $2 presents a method of obtaining A, : A, =p; : Hy so that (1.8) is satisfied. 


In §3, a particular SODEs has been cited for which none of the Approaches, I, I, HI 
of [1] works. 


In §4, the method presented in §2 is applied to the SODEs under purview to obtain 
its solutions. 
2. THE METHOD 
The two scalar equations in (1.6) are 
(Ahi + Aah) + Ajag + Ana) = 8414, + Ahi), 
(Aiha + Aba)’ + Aia + Ago) = g Aih + A)» 


whence one gets 


(ptr + Aala)’ + (Ma; + Aa, _ Ab + Ah T 
(Abia + Ar) + (Aaja + Anan) Alia + Aa” vee) (1.15) 


The aim is to find A, : A, from (1.15). 


As any linear SODEs (1.1a) — (1.1b) can be converted to an SODEs with £,=£, =0, 
without loss of generality it may be assumed that 4, = £, = 0 in (l.la) — (1.1b). 


Then (1.15) becomes 


AAD Ab) — Oph Arba)! = 414101417 + han) — Aba + Aa) 


ld 


Aue oy teas... Salt a) a | 
«(A lp ape ven o 


_The required A, : A, is then obtained from the solutions of the ODE (1.16). 
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Note : Attention may be drawn to the fact that (1.16) is a nonlinear ODE, known as 
Riccati differential equation. Thus the above derivation cites an instance, where a nonlinear 
ODE provides the requisite clue to solving some linear homogeneous SODEs, although the 
common practice is to use solutions of linear ODEs as approximations to solutions of nonlinear 
ODEs. 


3. A PARTICULAR SODEs 
t (30? = 1)xi = (62 - )x, +x, (te ND, (ia) 


(3 - 1)x5 = 3x, 43x, (ten, (ib) 
where x,: = ]0, cil —> R (set of real numbers), 7 = 1, 2. 


Clearly the Approaches II, II of [1] are not applicable to the system (ia) — (ib). 


In this case the determinantal equation (1.10) becomes 


(6t? — 1) - he(3e? — 1) 


1? 38 — ht(3t? — 1) dá SX 


or, 
6% — h(9% — 1) + PE — 1) = (1 — AD {6 - WBE- 1} =0, (ED. (ii) 


Clearly the two roots of (ii) are h =>, h = =. (111) 


It is shown below that the root h, leads to the ratio A, : A, = Ay, : Ag, so that 
An (ia) + A,,(15) becomes integrable, but the ratio A, : A, = Ay, : Ay obtained from the root 
h, fails to do so. 


Gti, 
321 2 (1.9). 


Then both the equations of (1.9) becomes — p, + 3p, = 0. | (iv) 


Let h = hy = 
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SoA, >A, = tw =3: 1. 

Adding 3 times (ia) to (15) one obtains 

t (30? = 1) (3x + x4) = 6 (3x, + x). (v) 
From (v), on integration, one obtains 

3x, +x, =C GP-1), GED, (vi) 
where C, (e R) is the parameter of integration. 


Using (vi) in any one of the equations (ia), (ib), one obtains an ODE in a single variable. 


As for example, substituting for x, from (vi) in (ib) one gets 


by = 0 + x, 

whence, on integration, one derives x, =—-C, + Cat, (te JD, (vii) 
where C, (e R) is the parameter of integration. 

From (vi) and (vii) one obtains x, = Ct? — 30, ten. (viii) 
Thus the SODEs (ia) — (ib) is solved. 

However, taking h = h, = in (1.9), both of its equations become Pp + pb = 0. 
Sod, : 4, pipl: #7. 

Now, subtracting 1? times (ib) from (ia), one obtains 

ti -x = P-a) (eD, 

which, unfortunately, is not at to an exact ODE. 


Note : The failure of getting a proper set for A, : 2n = p; : p, using k = L, so that 


À (Gia) + À (ib) becomes integrable, can be traced back to the failure of the solution (1,, p) 


= (1, -) of (1.9) with A = - in satisfying the SODEs (1.8) corresponding to the problem 


under concern. 
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4. APPLICATION OF THE METHOD OF $2 TO THE SODEs (ia) — (ib) : 
For the SODEs (ia) — (1b), the equation (1.16) becomes 


(E) (2) pae 2-7 


2 
a) = (2a) a a 
Or, E Ào 342 —1 372 1? tel 


4? — 3 A 
or, u 42 4° where, = Ty . (t € PD. 








Hence, on integration, one obtains 


u—-yY3 _ /tY3—1 
urd Waar CED q 


where C(e R) is the parameter of integration. 
With C = 1 one gets u = 3£, so that A, : A, = 3: 1. (x) 
This ratio 3 : 1 for A, : A, has been obtained on taking 


61 
h= = . 
h 342 —] 





With C = —1 one gets u=>, so that A, :4,=1: È. 

It is observed that, adding *2 times (ib) to (ia) one obtains 
t(3¢? — 1)(xj + 1x3) = ((6? - 1) +32] x, + (12 + 344) x, 

which can be rewritten as 


, 


(x +2x,) = 25 (x; + 2x,), ten. (xi) 


Hence, on integration, one derives 


x, + f% = C48 -1) (eD, (xii) 
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where C, (e R) is the parameter of integration. 
Solving (vi) and (xii), the required solutions of (ia) — (ib) are obtained as 


C,, C, (e R) being the parameters. 


5. REMARKS 
(a) The Method presented here is applicable to SODEs with two dependent variables only. 


(b) Any solution of the Riccati differential equation (1.16) provides a ratio A, : A. which 
can be used to determine a linear combination of the equations (1.1a), (1.1b), that 
leads to an exact differential equation. Hence there exist infinite number of linear 
combinations of the equations (1.1a), (1.1b), each leading to an exact differential 
equation. All such linear combinations are determined by the solutions of the Riccati 
differential equation (1.16). 
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ON SOLUTIONS OF A LINEAR SECOND-ORDER 
HOMOGENEOUS ORDINARY DIFFERENTIAL 
EQUATION DETERMINED BY A GIVEN QUADRATIC 
HOMOGENEOUS BOUNDARY CONDITION 


JAYASRI SETT & SUSMITA DAS 


ABSTRACT : In this paper we determine those members of the solution space of the second-order 
linear Homogeneous Ordinary Differential Equation (ODE) 


Pox") + py") + paya) = 0, xefa, bl, 


where Pp» Pi, P are complex — valued continuous functions on [a, b] and p,(x) + O for any x e 
[a, b], which satisfy a given Quadratic Homogeneous Boundary Condition (QBC) of the form 


UD] = aya) + ayy Aa) + ayb) + ayb) = 0, 
where œj, €», A, and a, are real numbers. 
Let € and 7 be the solutions of the ODE which satisfy the initial conditions 


E(a) = 1, 5 (a) = 0, 
n(a) = 0, n'(a) = 1, 

and let E(b) = E, + i, E(b) = E, + iby 
n) = n, + ma, n (0) = 1, + my 


where E, &, €, $2 Np Ny Ny Ny are real numbers. 


Let S, be the linear space spanned by € and n. Clearly S, = {a& + Bn, a,B e C}. For each f e 
C(f = u + iv) we consider all those members of S, which are of the form Mg + En), A e C. Let E 
+ fn be chosen as the representative member of the class {A(E + 2@n): 2% e C} and n be the representative 
member of the class (An : 4 e C}. With this understanding S, can be represented as s; = {n, E + 
fn, tec. 


We show that, 
if () U,[n] + 0, then there exist two members of s; of the form E + (u; + ivm and E + (u, + iv )n 


which satisfy the given QBC. (u,, v,) and (u,, v,) are two distinct points of intersection of two rectangular 
orthogonal hyperbolas having the same centre O and are symmetric w.r.to O; 
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If (1) U in] = 0, U IŠ] # 0 then there exist two members of s, of the form y and E + (u +ivn, 
where u and v are uniquely determined, which satisfy the given QBC; 
if (ti) U [n] = 9 = U [$], then two cases arise : 
a) if the co-efficient determinant of 
2u(095M, — MÉM + En) — 50) — 2067, + Em +0y5701 +05 m'a) 
= 0 
and 
Zula EMN] + 05M + 04501, + 9451 9) — 2v( 5/1, + 457) — 0459", + 945202) 
= () | 
is not zero then the only an of s, satisfying the given QBC are € and n; 
b) if the co-efficient determinant of the equations of (a) is zero then all members of s, satisfy 


the given QBC. 
1. INTRODUCTION 
We consider the second-order linear homogeneous Ordinary Differential Equation (ODE) 
Poly") + p (OY) + pap) = 0, x e la, b, (1.1) 


where Po, Py, p, are complex — valued continuous functions on [a, b] and py(x) + 0 
for any x e la, b]. 


Let E and n be the solutions of (1.1) which satisfy the initial conditions 
¿(a) = 1, ¿ (a) = 0, (1.2) 
nta) =0, na) = 1, | (1.3) 
The linear space spanned by E, n is the solution space S, of all solutions of (1.1). 
Clearly S, = {a& + Bn, a, B e Ch. 
For each f e C(€= u + iv) we consider all those members of S, which are -of the 
form ME + fn), A e C. Let E + & be chosen as the representative member of the class 


{Ag + In) : A e C} and y be the representative member of the class {An : A e C}. With 
this understanding S, can be represented as . 
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s = {v, E+ fm, f e Ch. (1.4) 
A Quadratic Homogeneous Boundary Condition (QBC) is of the form 

Uy] = aya) + ayy Ya) + ayb) + ayy Ub) = 0, (1.5) 
where Q,, a, OL, and a, are real numbers, 
on 

E(b) = E, + i, E(D) = E, + i'a (1.6) 

n(b) = ny + mn», n0)=311+ E, (1.7) 


where E, &'p Mp N'p G = 1, 2) are real numbers. 


In this paper we determine the members of s, which satisfy a given boundary condition 
of the type (1.5). There are three cases and in cases (i) and (ii) it is found that there are two 
members of s, which satisfy (1.5). In case (iii) all members of s, satisfy (1.5). In $2 the theorem 
is stated and proved. 


Examples are given in $3. 


2. THEOREM 


Let consider the ODE (1.1) with € and n as solutions which satisfy the conditions (1.2), 
(1.3), (1.6) and (1.7). Let s, be defined as in (1.4). Let the QBC 


U iy] = a,y*(a) + ayy a) + ayy (b) + ayy (b) = 0 be given. 
If (9) U In] # 0, then there exist two members of s, of the form & + (u, + iv,)n and 
E + (u, + iv m which satisfy the given QBC. (u,, v,) and (u, v,) are two distinct points 
of intersection of two rectangular orthogonal hyperbolas having the same centre O and are 


symmetric w.r. to O; 


if (ii) U in] = 0, 0,[€] # 0, then there exist two members of s, of the form n and 
E + (u + iv)n, where u and v are uniquely determined, which satisfy the given QBC; 
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if (iii) U [im] = 0 = U, [E], then two cases arise : 


a) 


b) 


If the co-efficient determinant of 

249/91 — ANa + 0459" — 587112) — Zala, + 936) + aE 
+ 045 (017) = 0 

and 

240,9, + 935/97 + 4870", + 045871") — 205,0, + 02M) — AE ny 
+ 0458707) = 0 


is not zero, then the only members of s, satisfying the given QBC are ë 
and 1; 


f 


if the co-efficient determinant of the equations of (a) is zero, then all members 


for s, satisfy the given QBC. 


Proof : Let ë + fy satisfy (1.5), where = u + iv. oe E + fn into (1.5), and separating 
real and imaginary parts, we obtain 


and 


(a, + anf — a3n} + agni? — an) í ya + O3Nf — ayn} + agn? — an) 
~ duvana + an 17) + Zula — 06m) + O46" — 04522) 
- 2v(a36,n, + am + 4597 + 5197) 


+ (0 + 035 — 033 + 048? — 148i?) = 0 (2.1) 


an iN, + 2041 in) — v-(203n,N, + 2049" 97) 
—2uy (a, - Am + 0393 — agni? + an?) 


+ Zula mN, + 0457 + 05201 + 492) — 2/9, + 052, 
— 04519", + 599) + Cas EE, + 204516) = 0. (2.2) 
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The points of intersection (u, v) of (2.1) and (2.2) determine the members of s; that 
will satisfy (1.5). 
Comparing (2.1) with the equation of the conic 
au? + by? + 2huv + 2gu + 2fv + c = 0, (2.3) 
we see that 
a= Oy +a? — 33 + ayn? — any = —b, 
h = —2(a3nn2 + amin’) 
g = (046,71, sa a 52,1) se a460 i 045 2112)» (2.4) 
J= (az n, + 935/97 + amn + 9451112), 
C= Oy + Of — 0963 +04Éj + agë. 
Similarly comparing with the equation of the conic (2.3), (2.2) can be written in the 
form 
hu? + h? + 2auv — 2uf + 2vg + c' = 0, (2.5) 
where c’ = 2(a,6,& + 045159). (2.6) 
Gi) U,{y] # 0 
Separating real and imaginary parts, we get, 
a + amf — 03m + am? — any +0, 
or, ON), + a'in’ O, | 
or both not equal to zero. 


(2.7) 


a 


Thus we see that if (2.7) holds, then either a = —b + 0 or h + 0 or both not equal to 


Hence (2.1) represents a rectangular hyperbola. For these results see [4], [7]. 
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Using (2.4), the centre (4, B) of (2.1) is given by 4 = oe pasl l ie 


-h > ab — h?’ 
A=h*-ab=+a>0. 
Here 
ah g 
D=|A b f 
g f c 


= —c(h* + a*) + 2feh — a(f? — g?). 
Similarly (2.2) represents a rectangular hyperbola with centre (4,, B,) where using (2.4) 


_ Bth _ hf be 
A Gas A 


gh — af 
ab — h? 





B = 


Using the condition of orthogonality we can show that (2.1) and (2.2) are orthogonal 
hyperbolas. . 
Transferring the origin from (0, 0) to (4, B), using the transformation 


u=wu +A, y=v + B, (2.1) becomes 


aw? + by? + Inv - 2 = 0, (2.8) 


see [4], [7]. 


If now, the conic (2.8) is referred to the lines through (A, B) which | are inclined at an 
angle y to the original axes i.e., if now the transformation 


u=Ucosy—Vsiny 
y =U sin y — Y cos y 
is employed, equation (2.8) becomes ([4], [7]) 


(2.9) 


d'U? + bv? + WU - > =0, ES (2.10) 
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where 


ii 


acos? y + b sin? y + 2h cos y sin y 
2 


acos? y — asih? y + 2h cos y sin y, 


bh’ 


asin?y + bcos*y — 2h cos y sin y | (2.11) 
2 


Il 


asin? y — a cos? y — 2h cos y sin y 


— (a cos? y — a sin? y + 2h cos y sin y) 
A, 


ii 


h! = — 2a cos y siny + 2b cos y sin y — 2h sin? y + 2h cos?y 
= —4a cos y sin y — 2h sin? y + 2h cos? y. 
If angle y is so chosen that 
'=0, (2.12) 
equation (2.10) reduces to 


a’U2 + yy - 2 = 0. (2.13) 


Using the same transformation as in conic (2.1), (2.2) now becomes 


A'U + BV + 2H'UV — 2 = 0, (2.14) 


where 
A’ = — hcos? y + Asin? y + 2a cos y sin y, 
B' =-hsin?y + hcos* y — 2acos y sin y 
=- A’, (2.15) 
H' = 4hcosysiny — 2a sin? y + 2a cos? y 
= 2(a cos? y — a sin? y + 2h cos y sin y) 
= 2 
= —25' from (2.11). 
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ha -f 
D=la h g 
J ge 


= 4d) fa + bf? ~ £2) 
Using (2.12) and (2.14), (2.15) becomes 


D' 
2H'UV or ei 


or,  4atUV =0 (2.16) 


To find the points of intersection of (2.13) and (2.16), we proceed as follows: 


we write U = $, l (2.17) 
dact- om. | 2.18 
ere Jan (from (2.16)) (2.18) 


We consider the following two cases (in all cases A > 0) 
Case I: A> 0, D > 0 and 
Case IT: A> 0, D < 0. 


Case I and II have the following subcases : 
(ij) a >0, D'>0, 

(i) a > 0, D <0, 

(iii) æ <0, D > 0, 

(iv) a <0, D' <0. 

Of these cases we discuss case (i) in detail : 
(i) a’ > 0, D' > 0 

Then from (2.18) M > 0. 
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Substituting (2.17) in (2.13) we have 


2 
, M ? 2 D 
a (5) + BV Y 


or, DIAM — DV + q AM = 0. 
Let AV) = DAM — DV + d AM. 


It can be verified by change of sign of co-efficients that AV) = O has one positive and 
one negative real root. In this case from (2.17), the corresponding Us are positive and negative 
respectively. Hence the real points of intersection of (2.13) and (2.16) are (U, V), and 
O, -Y) (U > 0, V > 0) which are symmetric about O. The other two roots of AY) = 0 are 
imaginary and the corresponding Us are also imaginary. 


Similarly in all other cases we get, two real points of intersection (U,, V,) and 
(U,, V,) which are symmetric w.r.to O. 


Reverting the origin (0, 0) to (4, B) we get two symmetric saints of intersection 
(u,, v,) and (u,, v,) of (2.1) and (2.2) about (4, B). Hence two members of s, of the form 
E + (u; + ivy and E + (u, + iv, satisfy (1.5). 
(ii) U m] = 0, U [E] + 0 : then separating the real and imaginary parts of U,[&] and 
U [n] respectively we get 
OL, + OE? — as + 0487 + 048? #0 or ab E, + 0485, 4 0 (2.19) 
or both not equal to zero, 
and 
az + 03M — azt + ayn? —agny =0, ANN, + amin’ = 0 (2.20) 
From (2.4) and (2.5) 
a=b=h=0,c #0, orc’ # 0, or both not equal to zero. 
Then . 
D = -c(h* + a?) + 2fgh — af? — g*) = 0, 
D' = ~c'(h* + a?) — 2fgh + HS? + 9%) = 0. 
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In this case (2.1) and (2.2) represent a pair of mutually perpendicular straight lines not 
passing through (0, 0). 


From (2.1) 

24937, — A En, + 1467", — 04522) 

— 2v(agEqn, + 9% En, + an" + an y) + (a, + ay E — 06,7 

+ ay? — 04, = 0, (2.21) 
and from (2.2) 


2u(a€,9, + Akna + 94829 + 94892) — 21 akn + an, 
— 0,6’ 1', + 904599) + (206,65, + 204189) = 0 (2.22) 


From (2.21) and (2.22) we can determine u, v uniquely. Hence n and E + (u + Mn, 
where u and y are determined uniquely, are two members of s, which satisfy (1.5). 


(iii) U [n] = 0 = U [E] : then from (2.4) and Q5)a=b=h=c= Cc = 0. (2.23) 
From (2.1), using (2.23) we get 
Zula% N — 035, + 045811" — O45'271'9) 
— Zya”, + akna + 045791 + 04892) = 0, (2.24) 
and from (2.2), using (2.23) we get 
2409369, + 9352 + 4573 + 045917) 
 — 299 6/N1 + 0453) — AE 91, + 945292) = 0, (2.25) 


a) If the co-efficient of (2.24) is not zero then u = 0, v = 0. The only solutions 
satisfying the QBC (1.5) are & and n. 


b) If the co-efficient determinant of (2.24) and (2.25) is zero 
le, an, — E) + (En, — Eon y) = 0, 

O3(Son, + Éma) + amn + E m2) = 0, (2.26) 
then (2.24) and (2.25) is satisfied by all nan-trivial u, v. 


Hence all members of s, satisfy the QBC (1.5). 
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3. EXAMPLES 
1) Example of case (i) 
Let us consider the DE 
y"(x) + v(x) = 0, xe [0, n]. (3.1) 
Here E(x) = 1 and n(x) = (1 — e*). (3.2) 


Heeg = 1:6, = 0, 6, = 0, 6,°= 9, 
1, = 0, ny = -2, ny =-1, Y, = 0. 
We consider the given QBC as 
U bl = y*(0) + 2y70) + ym) + y Um) = 0. (3.3) 
Here U ln] + 0. 
Equations (2.1) and (2.2) become 
-u? + y + 4v+2=0 (3.4) 
and 
u(v + 2) = 0. (3.5) 
Solving (3.4) and (3.5) we get, | 
If u = 0, then v=-2+ Y2 and v =2- J2 
If y = 2, then u = ¡4/2 and u = -i42 
The members of s, satisfying the above QBC are 
1+ (-2 + J2\(1 - en) and 1+ (2 - AZ ~ et) 
2) a) Example of case (ii) 


Let us consider the DE (3.1), 


and consider the given QBC as 
Ul] = y*(0) + 2y(0) + >) + 2y?) = 0. (3.6) 
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Here U [n] = 0, U,[&S] = 9, 

Equations (2.21) and (2.22) become 2v = —1 and += 0 

Hence, the members of s, satisfying the above QBC are n and € + (u + ivm 
Le. (1 — e*%) and NÚ + e), 


b) Let us consider the DE 
xy" (x) + 2y’ (x) + 7011) =0, x e [x, 21]. 


(x sin z) (2 cos x) (27 cos x) 


2 2 
bbi i a E ae 
t 1 1 2 ! 
Hence El ==, 69 0, r 6'2 = 0, 
l ' 
nm =1 Np = 9, Ma 1, = 9 


We consider the given QBC as 

Uly] = yx) + y(n) + Qn) — 8x2y2(2n) = 0. 
Here U,[n] = 0, U,[E] + 0 
Equations (2.21) and (2.22) become 


_ nt +2n* +2 
—4n(1 + n?) and v = 0. 


Hence, the members of s; satisfying the above QBC are n and E + (u + mn 


(2x cos | asd 


Le. 
x 


msint 749922 č x 


p F Aa 2 





(3.7) 


(3.8) 
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3) Example of case (iii)(a) 
Let us consider the DE (3.1), | 
and consider the given QBC as 

Uy] = 320) + 2920) + ym) + 29m) = 0. (3.9) 
Here U in] = 0, 0,18] = 0, 
From (2.24) and (2.25) we get the co-efficient determinant not equal to zero. 
Hence v = 0 and u = 0. 
.. The members of s, satisfying the above QBC are & and y i.e., 1 and -i(1 — e. 
4) Example of case (iii) (b) 
Let us consider the DE 


yœ + 4y00) = 0, x e [0, n . (3.10) 


Here E(x) = cos 2x and n(x) = > sin 2x. 
Hence E, =1, E, =0, 1 =0,8,=0 | di 
m=%3m=9 1=1nm=0, 
and consider the given QBC as 
Uy] = 320) + 2y2(0) + ym) - 2y?(n) = 0 (3.11) 
Here U [n] = 0, U,[E] = 0. 


From (2.24) and (2.25) we get the co-efficient determinant equal to zero. Hence (2.24) 
and (2.25) are satisfied by all non- trivial u, v. 


Hence all members of s, satisfy the above QBC i.e., € n and € + (u + ivm 


ie., 1, 401 — €) and 1 + (u + iv) [HO — e™)}] for all u, v satisfy the given QBC. 
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